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We use a Chern Simons Landau-Ginzburg (CSLG) framework related to hierarchies of composite 
bosons to describe 2D harmonically trapped fast rotating Bose gases in Fractional Quantum Hall 
Effect (FQHE) states. The predicted values for v (ratio of particle to vortex numbers) are v=- 
(p, q are any integers) with even product pq, including numerically favored values previously found 
and predicting a richer set of values. We show that those values can be understood from a bosonic 
analog of the law of the corresponding states relevant to the electronic FQHE. A tentative global 
phase diagram for the bosonic system for v<\ is also proposed. 

PACS numbers: 03.75.Kk, 73.43.-f 
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Since the experimental realization of Bosc-Einstein 
condensation (BEC) of atomic gases [l|, an intense activ- 
ity has been focused on ultracold atomic Bose gases in ro- 
tating harmonic traps. BEC confined in two dimensions 
have been created [2|. The rotation of a BEC produces 
vortices When the rotation frequency (^r) increases, 
the BEC is destroyed and for high enough a Fractional 
FQHE [3] state is expected to occur. In particular, when 
Y~ is tuned to the frequency of the harmonic confining 



potential in the radial plane (^J), FQHE states have 
been predicted to become possible ground states for the 
system [Ej], triggering studies on FQHE for bosons jfl- 
[101 ] . Indeed, the Hamiltonian in the rotating frame 
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[ PA -A(x A )] 2 +f (n|-^ 2 )|x^| 2 +y 



(x^=x J 4(t)); A i (x.A)=m£leijX- l A yields the Coriolis force, 
V~g 2 J2a<b <5( x a— Xb) is the potential felt by the 
bosons in the plane [14j. We take g 2 >0 (repulsive case 

0), g 2 ^i 2 Q with 7 =V32^(ff ), l 2 =^n, ll=^r m 

(a s , I, (respJ z ) are the 3D s-wave scattering length and 
the localization length in the plan (resp. for axial confine- 
ment with trapping frequency f2 z ))- We assume VI— fix 
so that the system is equivalent to that of 2D (bosonic) 
particles in a magnetic field with cyclotron frequency 
fi c =2Q, filling factor v=jjL, 2irN v =2mQ.A [15] (.4 is 
the total area of the system) and is expected to be in 
FQHE states at specific values for v [oTj-jlol]. 

The low energy behavior of the Quantum Hall Fluid 
(QHF) states can be described by a CSLG theory [l6| 
where the statistics of the quasiparticles is controlled by 
the coupling of a statistical CS gauge potential (hereafter 



called Qfj) to matter [16[, [17] . Two equivalent CSLG 



descriptions of the electronic FQHE appeared, depend- 
ing whether the initial Fermi statistics of the system is 
turned into a Bose one through statistical transmutation 
17 1 as in [l8| or instead kept unchanged [l||. In this 
note, we describe 2D harmonically trapped fast rotating 
Bose gases in FQHE states by a CSLG theory related 
to hierarchies of composite bosons. We find that FQHE 
states should occur at v—^ for any integers p, q with even 
product pq, including the numerically favored values pre- 



We show that those values can be understood from a 
bosonic analog of the discrete symmetry transformations 
underlying the law of the corresponding states [HI rel- 
evant to the electronic FQHE. A tentative global phase 
diagram for the bosonic system together with selection 
rules for the expected transitions are also proposed. 

The relevant CSLG action obtained by adapting [l6j |. 
[l8| to H given above is 

S = S cs (a; v ) + f itfDrf - -L| D^\ 2 - U{$) (1), 
Jx 2m* 



S, 



D„ 



S=S C s(a; T])+S rj> ((l); A), 



A^=a^- 



d^-iA^ (2a, b). 



is the composite boson field with (effective) mass m" 
(A (at) is single valued, x{x)=T,v wv_arctan( ^~ *™ ) 

v I I •* J 1 V 1 

is the possible vortex contribution [201 ] ; wy is the 
winding number of the vortex V with center coordi- 
nates Xyi(t)), i] is the CS parameter, ff l =\tf iup f up , 
f P v~d^a u — d u a^, /o (/,) is the statistical magnetic (elec- 
tric) field. U(4>) should be U{(t>)=g 2 (^ 4>) 2 -v\<t>\ 2 +-{^ 
is a chemical potential, the ellipses denote possible 
higher order terms). The equations of motion for a M , 

//»=-(V»0/p (Jo=P, Ji=^(^A0-(A0)V)) ensure 
the formation of particle-statistical magnetic flux com- 
posite particles. This reflects the flux attachment mecha- 
nism triggered by the CS statistical interaction [l7j ■ The 
statistics of the quasiparticles wave function is altered 
by the Aharonov-Bohm phase exp(i f c a..dx)=exp(i / rj) 
(C is some closed curve) induced when one quasiparti- 
cle moves around another one (l7| . The flux attachment 
leaves the statistics unchanged (e.g bosons are turned 
into bosons) when V = 2^E> ^G^i k>0, that we assume 
from now on [2l[ while (1) corresponds to QHF with fill- 



23) 



sented in 



ing factor v—2-nr] (see [22j and 

The low energy behavior for the system in a FQHE 
state is encoded into the response functions (we consider 
the linear response) for the corresponding QHF, obtained 



[10 ] and predicting a richer set of values. from the effective action [It 



r v (A)=-i\nZ v (A) 
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where 



Z V {A) = / [Va][V<b][V^] e 



(3). 



In (3), we set Z(i)=exp(ir(i))=/[Zty] [T>^]e iS *^ 
where T(A) is the effective action for the composite 
bosons 4> feeling an external field A^. Hierarchies of ob- 
servable values for v can be obtained from (l)-(3) in a way 
similar to the one followed for the electronic QHE [lq . 
[Ill, i.e from duality transformations relating QHF's with 
different filling factors. These transformations express 
the fact that the attachment of an even number of statis- 
tical flux quanta (v=2^2k) t urns one QHF onto another 
one having similar physics (the flux attachment trans- 
formation) or stem from the duality transformation pcjj 
leading to a description of the system based on vortices 
(the (quasi)particle- vortex duality) (l6j . We now present 
a compact derivation inspirated from fl8j of the trans- 
formations relevant to the present bosonic system. 

Integrating over <f>, <fi^ in exp(iT(A)), one infers that 
for any external A^ the most general low energy form 
for T(A) consistent with gauge and Galilean invariance 
and involving the most relevant (lowest dimensional) 
terms must be r^f^^Q^^Ff^P^ 

-i e ^A*Q x 3 ' y d v Ay. The Q/s (QT v =Qi(x-y), 
7=1,2,3) are the response functions for the composite 
boson fluid feeling an external A^ and F fjLU —d^A v —d y A fl . 
This gives in momentum space 

T{A) = lf dpA^~p) X ^(p)A u (p) (4a), 



Xoo = P 2 Qi{p);x oi =uPiQi{p)(t.)ieijP'Qz(jp) (46; c), 

(iO) 



Xij 



i(p)oj 2 5i j -(5ijp 2 -piPj)Q 2 (p)+i£i 3 ujQ3(p) (4d) 



where p=(u>, p=(pi, p 2 ))- Plugging (4) into (3), fixing the 
gauge freedom [25j | . the integration over a M realizes the 
attachment of an even number of flux quanta to the initial 
composite bosons, turning the corresponding parent fluid 
described by the Q/'s into a descendant fluid. This gives 
r n (A)=! / dpA^p)K,^{p)A u {p) where KJ™ is deduced 
from (4) by replacing the Qj's by 



II 7 =ff 



Qi 



Q1Q2P 2 - Qjto 2 + (Q 3 + 77) 



-, J =1,2 (5a), 



S H =S C s{a; V)+J x ipv*d v~p(d \-a Q )-^{d lv rp) 2 - 
^H?+Hi(di\-Ai-iv*div) (Hi are the HS fields). 
Set p=H . The integration over A [2(| yields the 
constraint 9^/7^=0 in the partition function. It is 
solved by introducing a new gauge potential 6^ such 
that H li =e tlvp d u W=H li (b). This yields 



S' H = S C s(a;r]) 



J x 



■a lt H> t (b) + AiH % (b) 



-2^ H?(6) -^ (ft>/ ^ )a -^ 0(6)) (6) ' 

Jn=i^iivpd u v*d p v is the vortex current. The integration 
over a p leads to (6^=6^-??^, H fl =e IJ ,vpd"b p =H fJ ,(b)) 

Sd= f ^e^pb^bP-le^pA^AP+b^-^-H? 



8mH 



~-(d t H f - U(H ) = S CS (b; -) + S' D 



V 



(7), 



where plays the role of the new statistical field while 
the flux attachment to the vortices is achieved thanks to 
the occurrence of the minimal coupling of 6 M to (see 
3rd term in (7)). The partition function now reads 



Z V (A) = / \Vb\e 



= iS cs (fc;i)) e - l S cs (A; I? ) e ir(b) 



(8), 



with exp(iT(b))=f[Dv}[Dv*]exp(S' D \ n=0 )- By in- 
tegrating over the vortex part v,v*, gauge in- 
variance and Galilean invariance dictate the 
most general low energy expression for T(6): 
T{b)=J^ y {\^)yrMv)-hB 12 {x)Vt y B 12 {y) 

-}e„ vp Hx)V*fd»V>{y)) (V^^x-y), 7=1,2,3, 
Bi_ ll y=dfj,b u —d^b ll ). The Vj's are the response functions 
for the vortices feeling an effective external field 6; V3 
is related to the effective filling factor for the vortices 
vy via lim^—^-p— ) = vv- In momentum space, 
T{b)=ljdpb»{-p)xlJ(p)b v (jp), with xluip) deduced 
from (4) through Qj— >Vf. Combining r(6) with (8), 
integrating over b p 25j, one obtains the effective action 
T V {A)=\ J dpA^-p)^ [p)A v {p) in terms of the Vi's 



Hi 



V, 



1,2 



(9a), 



U3 = V - 7] Q 1 Q 2 p 2 -QV + (Q3 + .) 2 (56) - 

The dual description of the system makes use of the 
vortices [2fj. One applies a Hubbard- Stratonovitch 
(HS) transformation on the kinetic term in (1) 
(set (f)=^fpe lX v, v=e lx ). The action becomes 



$-v 3 

In the low energy limit, (5b) and (9b) give rise to 
the flux attachment and particle-vortex duality trans- 
formations leading to hierarchies of observable values 



3 



for v. These transformations generate a discrete sym- 
metry group. It can be viewed as the bosonic ana- 
log of the discrete symmetry group related to the "law 
of the corresponding states" (see 2nd of [HI) occur- 
ring in the CSLG description of the electronic QHE 
|l6j |. Both discrete groups are conjugate to each other. 

We set Iim^Qjp^o p)=f^, for X=U 3 , Qa- Re- 
call that if the 11/ 's (resp. Q/'s) describe a de- 
scendant (resp. parent) QHF with filling factor Vj 
(resp. v), one has lim , ^ p—o n 3 (^, P)=-g^ (resp. 
lim^o;p^oQ3(w,p)=^r) [27j]. The A°'s will be identi- 
fied in a while with the corresponding filling factors but 
are kept unrestricted to positive values for the moment. 
Now, if the Q/'s and Vj's correspond to QHE states for 
the system (incompressible QHF), (5) and (9) reduce in 

the low energy limit respectively to H® = , , (i) and 



'2kQl + l 



no^fc-^hm^o.p^o^)- 1 (ii) ( us ing ^i). This 



2tt 

requires lim t 



0;p-»o(H)=-^ir (fii) so that {(i), (ii)} are 

equivalent to {(i), (hi)}. Furthermore, (i) is obtained by 

Q° 



2Q° + 1 



so that 



iterating k time the transformation Qg- 
the whole set of transformations giving the hierarchies 
of possible values for Qg are obtained by forming all the 
products of powers of the two independent generators £ 
and S defined by 



E(Q°) = ^ 3 ; S(Q%) = -4t 



(10a) represents the flux attachment transformation 
when Q3 is identified with v 0, 0. (10b) is related to 
the (quasi)particle-vortex duality transformation. When 
acting on the complex plane, £ and S generate an infi- 
nite discre te g roup, a subgroup of the full modular grou p 
PSL(2,Z) [28[, known in mathematics as Tg(2) (see [28j). 
Any transformation G£Tg(2) can be written as 



G(z) = 



cz + d' 



ad— be = 1, (a,b,c,d)Gl (11), 



with (a, d) odd (resp. even) and (0, c) even (resp. odd), 
for any zeC. r#(2) can be viewed as the bosonic ana- 
log of the discrete symmetry group underlying the "law 
of the corresponding states" [lSj] of the electronic QHE 
This latter is another subgroup of PSL(2, 1), known 
as r (2) [23|, generated by £ (10a) and the Landau 
level shift operator T(z)=z+\ (see HI, HI]). Note that 
for any TGTg(2), one can find some <7€Fo(2) such that 
t=ActA- 1 (iv) with A=STS r e (2), relevant for 

fast rotating harmonically trapped Bose gases in FQHE 
regime, is conjugate of the discrete group underlying the 
law of the corresponding states [l8| of the electronic 
QHE, suggesting that properties of the bosonic system 
could be simply deduced from their electronic QHE coun- 
terparts by conjugation (iv), as discussed in a while. 

Now, given a QHF of reference with filling factor 
values for the filling factors of descendant QHF are ob- 
tained by applying on vq successive transformations of 



Tg(2) (with action restricted to the real axis), keeping in 
mind that only positive (or zero) values for these filling 
factors are physically allowed. Using (11), the hierarchies 
of values can be generically parametrized as 

r \ 2av + 2/3 + u 



{U} add 



2 7 j/ + 2(5+1 



2ais + 2/3+1 
27^0 +25 -v 



2(a6-(3j) = f3 + j (126), 



(a, j3, 7, 6) Gli, (12a) (resp. (12b)) corresponds in (11) to 
(6, c) even, (a, d) odd (resp. (b, c) odd, (a, d) even) and 
the physically allowed values must be positive or zero. 

Let us discuss the physical implications of our analy- 
sis. For small v, says v<l, FQHE states are expected to 
occur in the system (29[| , as supported by @ , [l(| , 0] (in 
particular by numerical works based on exact diagonal- 
ization). These later provide convincing numerical indi- 
cations that (gapped) incompressible states with v=-^, 
m even integer, should be visible in experiments together 
with (gapped) incompressible states with v=-^p£, for p 
integer (with ^=5 exactly realized for hard core bosons). 
For 1<^<6, gapped states with v=|, |, |, §, | , | are also 
numerically observed. It appears that these numerically 
favored values can be all reproduced within the present 



(10a; 6). CSLG description. Namely, assuming vq=\ (see |30|L 



these are recovered from (12a,b) or equivalently from suc- 
cessive Tg(2) transformations acting on ^0=5- Indeed, 

=— , m even (fc>0) 



L S0 that £ fc (i> 



~2fc^ +l u " u "" u " y 2> 2(fe+l) " 

while values such as f=^pj, p integer, are recovered from 
(£S) P K) (E and S defined in (10)). Similarly, the r 8 (2) 
transformations leading to v=%, § , \ , § are respectively 
G 3/2 M= 5 ^ (&\v )=v a +2, G 7 /2 ( , o)= iM ; 
G 9 / 2 (^ )^o + 4. 

The above observed agreement suggests that the trans- 
formations encoded in Tg{2) may have captured global 
properties of the bosonic system in a way similar to what 
happens within electronic QHE whose properties con- 
nected in particular with the global phase diagram seem 
to be well encoded in the fermionic counterpart of Tg (2) 
[ls| . Assuming that this picture is correct, then 

properties of the fast rotating harmonically trapped Bose 
gases in FQHE regime can be simply deduced from their 
electronic QHE counterpart by applying the conjugation 
(iv). This however should be presumably valid at least 
sufficiently far away from the region where the vortex lat- 
tice has just melted so that we further assume v<\. In 
this way, we find, using (11), (12), (iv) that QHF states 
should be observed in fast rotating trapped Bose gases at 
filling factor ^=^, where p, q are any integers with even 
product pq (the conjugate values of the observed odd 
denominator filling factors in electronic QHE). Further- 
more, applying the conjugation (iv) to the global phase 
diagram of [1 81 ] and to the corresponding selection rules 
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FIG. 1: Topology of the global phase diagram for harmoni- 
cally trapped Bose gases in FQHE regime obtained from the 
bosonic analog of the law of the corresponding states. The 
vertical (resp. horizontal) axis is related to dissipation (resp. 
filling factor restricted here to be v<\ ). 

derived from the the fermionic counterpart of Tg(2) yields 
respectively the tentative phase diagram depicted on the 
figure 1 and the associated selection rules. Note that the 
state v=\ of the electronic QHE corresponds to the state 
v=l in the bosonic system. We also find that transitions 
relating two QHF states indexed by v\= t ~r and ^2 = ^7 
are allowed provided \p\<li— P2<Zi| = l with 22.) of the 

form { evcn ) op ( °dd even \ 

V odd 'even' ^ even ' odd >' 
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